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Abstrat
A range of bosoni models an be expressed as (sometimes gener-
alized) σ-models, with equations of motion oming from a selfduality
onstraint. We show that in D = 2, this is easily extended to su-
persymmetri ases, in a superspae approah. In partiular, we nd
that the ongurations of elds of a superonformal G/H oset models
whih satisfy some selfduality onstraint are automatially solutions to
the equations of motion of the model. Finally, we show that symmetri
spae σ-models an be seen as innite-dimensional G˜/H˜ models on-
strained by a selfduality equation, with G˜ the loop extension of G and
H˜ a maximal subgroup. It ensures that these models have a hidden
global G˜ symmetry together with a loal H˜ gauge symmetry.
1 Introdution
Several (lassial) bosoni models have been expressed as generalized σ-
models onstrained by a selfduality equation. In this formalism, the set
of elds is doubled and equations of motion are given by Bianhi identities
of dual elds. This lass of models ontains the bosoni matter setor of
supergravities and espeially eleven-dimensional supergravity and redutions
of these on tori, up to D = 3 [1, 2, 3, 4, 5, 6℄, as well as all models obtained
by oxidation of D = 3 prinipal σ-models for all simple groups [7, 8, 9℄, and
is losely related to the so-alled "E11 onjeture" [4, 10℄.
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The inlusion of the fermioni and gravity setors of suh models into
this formalism has not yet been ahieved, although there are some results on
D = 2 gravity models oming from D = 3 oset models [11, 12, 13, 14, 15℄,
sometimes inluding fermions in the ase of N = 16 supergravity [16, 17, 18,
19℄. These D = 2 models an indeed be seen as integrable systems, whih
opens a path to quantization [20, 21, 22, 23℄. One an also nd attempts
of inluding fermions in the doubled formalism for eleven-dimensionnal and
type IIA supergravities in [24, 25℄.
In a program of inluding fermions, gravity and supersymmetry into suh
a formalism for generalized σ-models, espeially in higher dimension, and
revealing hidden symmetries of theories, we begin here by studying D = 2
models without (super)gravity. We extend selfduality of σ-models to super-
onformal ases, by dening a Hodge star on superspae that we use together
with a pseudo-involution. Speial ases have already been studied in the on-
text of solitoni and instantoni solutions of some supersymmetri σ-models,
starting from [26, 27, 28℄. Here we develop a general theory where the target-
spae an be any Lie group or symmetri spae.
After realling basi fats on the selfdual formalism in setion 2, we in-
trodue its superonformal version (setion 3); we study then solutions to a
selfduality onstraint in a superonformal symmetri spae σ-model in se-
tion 4, and we show that selfdual sets of elds are speial solutions to the
usual equations of motion. As a simple example, we treat very expliitely
the ase of SL(2)/SO(2).
Our main result is in setion 5: we give a formulation of suh G/H σ-
models as selfdual innite G˜/H˜ σ-models, where G˜ is the loop extension of
the group G, and H˜ a maximal subgroup ontaining H. Physial elds with
their Bianhi identities and equations of motion appear through the Lax pair
assoiated to the model. The hidden group of symmetries of suh models,
inluding non-loal ones, have been disussed for some time [29, 30, 31, 32, 33,
34, 35, 36℄ with dierent onlusions. With our onstrution, it is manifest
that in addition to (super)onformal symmetry on the worldsheet, there is
a global symmetry G˜ and a loal gauge symmetry H˜. It has been heked
in some ases that suh symmetries survive quantization ([37℄ and referenes
therein.)
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2 Selfdual σ-models
2.1 σ-models
A σ-model is desribed by a map φ from spaetime Σ to a target manifold
M. Let n be the dimension of the target spae.
Here we speify to the ase where M is a simply onneted Lie group G.
Let {Ti} be a basis of generators of the tangent Lie algebra g. Elements of
G an be parametrized loally, in the viinity of V0, as
V = exp
(∑
i
φiTi
)
V0 (2.1)
with n salars φi, where n is the dimension of G.
On M = G, we have the g-valued Maurer-Cartan form
σ = ∂iV V
−1dφi , (2.2)
where ∂i =
∂
∂φi
. We an ompute it with help of the Baker-Campbell-
Hausdor formula
∂iV V
−1 = ∂ie
φ e−φ = ∂iφ+
1
2!
[φ, ∂iφ] +
1
3!
[φ, [φ, ∂iφ]] + . . . (2.3)
(where φ =
∑
φjTj).
We dene the eld strength assoiated to φ as the pullbak on Σ of the
Maurer-Cartan form on G.
G = dV V−1 = ∂µφ
i ∂iV V
−1dxµ , (2.4)
where ∂i is the target-spae derivative and ∂µ the spaetime derivative, with
respet to xµ.
This eld strength is invariant under ation of G. Indeed, if one ats on
V:
V −→ VΛ (2.5)
with elements
Λ = e(λ
iTi)
(2.6)
dened with losed salars λi (dλi = 0), G beomes
G −→ dVΛΛ−1V−1 + VdΛΛ−1V−1 , (2.7)
where the seond term vanishes beause of dλ = 0.
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The σ-model struture we have realled in this part is valid for any number
of spaetime dimensions. We restrit now to two dimensions for the rest of
the paper. Moreover, we will work in Eulidean signature. We will indiate
how to transpose to Lorentzian signature.
In Eulidean signature
1
, it will be onvenient to use omplex notations
and to write the eld strength as
G = Gzdz +Gz¯dz¯
= ∂zφ
i ∂iV V
−1dz + ∂z¯φ
i ∂iV V
−1dz¯ . (2.8)
In order to make the ontat with the supersymmetri generalization easier,
we also think of this 1-form eld as a vetor in the otangent bundle:
G =
(
Gz
Gz¯
)
. (2.9)
2.2 Selfduality
We onsider the group element V as a doubled set of elds: equations of
motion are given by a selfduality equation.
Namely, let S be a pseudo involution of g, exhanging Ta's, suh that
∗2S2 = 1 . (2.10)
If we hoose a eulidean signature, we have ∗2 = −1 for 1-forms, and therefore
S2 = −1. For a Lorentzian signature, it would be ∗2 = 1 for 1-forms, and
S2 = 1.
Thus we an write a selfduality equation
∗SG = G , (2.11)
where ∗ ats on the dierentials Ga and S on generators Ta.
Following from the denition of G, we have the Bianhi identity
dG − G ∧ G = 0 . (2.12)
If we use the selfduality relation (2.11) to redue by one half the number
of elds, one half of the set of Bianhi identities beomes the equations of
motion of the physial elds. Indeed we have
d∗SG − G ∧ G = 0 . (2.13)
1
In a Lorentzian setting, we would use lightone oordinates x+ and x−.
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A trivial example is the free salar ϕ. We take an abelian algebra of
dimension two, with generators h1 and h2. Let
φ = φ1h1 + φ2h2 ; (2.14)
the urvature is
G = dφ1 h1 + dφ2 h2 . (2.15)
With S exhanging h1 and h2,
Sh1 = h2
Sh2 = −h1 , (2.16)
the seond Bianhi identity
ddφ2 = 0 (2.17)
beomes the equation of motion of φ1:
d∗dφ1 = 0 . (2.18)
In omplex notation, in the onformal gauge, the Hodge star ∗ has a very
simple expression, whih will be onvenient for the supersymmetri general-
ization:
∗(Gzdz +Gz¯dz¯) = −iGzdz + iGz¯dz¯ . (2.19)
We remark that the selfduality equation is onformally invariant, so that
the model has (spaetime) onformal symmetry, with Gz of weight (1, 0) and
Gz¯ of weight (0, 1). Indeed, we have
Gz′ = ∂z′V V
−1 = (∂z′z)∂zV V
−1 = (∂z′z)Gz , (2.20)
with the analougous for Gz¯.
3 Supersymmetri version
3.1 N = (1, 1) extension
We work now in D = 2 N = (1, 1) superspae: we have two odd variables θ
and θ¯. Supersymmetry generators are
Q = ∂θ − θ∂z
Q = ∂θ¯ − θ¯∂z¯ (3.1)
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and ovariant derivatives
D = ∂θ + θ∂z
D = ∂θ¯ + θ¯∂z¯ . (3.2)
We onstrut a super-σ-model with a salar supereld V with values in
G
V = eΦ V0 , (3.3)
where
Φ =
∑
i
ΦiTi (3.4)
is a salar supereld with values in g.
The eld strength is dened as:
G =
(
G
G
)
=
(
DV V−1
DV V−1
)
. (3.5)
G and G an be omputed from Φ with help of the Baker-Campbell-
Hausdor formula:
G = DeΦ e−Φ = DΦ+
1
2!
[Φ, DΦ] +
1
3!
[Φ, [Φ, DΦ]] + . . . (3.6)
and the analogous for G with D.
A Bianhi identity follows from the denition of G:
DG+DG =
[
G,G
]
. (3.7)
As G and G are odd superelds, the braket is in fat an antiommutator.
We dene a "Hodge star" by
∗G = ∗
(
G
G
)
=
(
−i G
iG
)
. (3.8)
Together with the pseudo-involution S dened as in the purely bosoni
ase, we an write a selfduality equation
∗SG = G , (3.9)
whih redues the number of physial elds by one half and turns one half of
Bianhi identities into equations of motion:
−iD(SG) + iD(SG) =
[
G,G
]
. (3.10)
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This model is invariant under a global G. We at on V by Λ = eλ,
V −→ VΛ , (3.11)
with λ a g-valued supereld. G is invariant provided
Dλ = 0
Dλ = 0 , (3.12)
i.e. if and only if λ is a onstant eld: Λ is an element of G.
As all operators we use are ovariant with respet to supersymmetry
generators Q and Q, we get a manifestly supersymmetri theory. Moreover,
it is lear that the selfduality equation is superonformally invariant, with G
and G of respetive weights (1
2
, 0) and (0, 1
2
). Thus the selfdual σ-model we
have dened have superonformal symmetry in addition to its G target-spae
symmetry.
We want to show now that, if we trunate the supereld
Φ = φ+ θψ + θ¯ψ˜ + θθ¯F (3.13)
to its rst omponent
φ =
∑
i
φiTi , (3.14)
we reover preisely the bosoni selfdual sigma model dened in setion 2.
Indeed, we get
G = Deφ e−φ = θ∂zφ+
1
2!
[φ, θ∂zφ] +
1
3!
[φ, [φ, θ∂zφ]] + . . . = θ G
(0)
z (3.15)
and
G = Deφ e−φ = θ¯∂z¯φ+
1
2!
[φ, θ¯∂z¯φ] +
1
3!
[φ, [φ, θ¯∂z¯φ]] + . . . = θ¯ G
(0)
z¯ , (3.16)
where we denote by G(0) = G
(0)
z dz+G
(0)
z¯ dz¯ the bosoni eld strength derived
from φ:
G(0) = d
(
eφ
)
e−φ . (3.17)
The Bianhi identity beomes
−θθ¯∂z¯G
(0)
z + θθ¯∂zG
(0)
z¯ = θθ¯
[
G(0)z , G
(0)
z¯
]
, (3.18)
whih an be written for the bosoni eld strength G(0) as
dG(0) − G(0) ∧ G(0) = 0 . (3.19)
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The Hodge star beomes
∗
(
θG
(0)
z
θ¯G
(0)
z¯
)
=
(
−iθG
(0)
z
iθ¯G
(0)
z¯
)
: (3.20)
it redues to the usual Hodge star in onformal gauge for G(0).
As a onsequene, the self duality equation
∗SG = G (3.21)
gives for the trunated supereld Φ = φ the same equations of motion as in
the purely bosoni ase of setion 2. In other words, the selfdual supersym-
metri σ-model we have dened in this setion is indeed a supersymmetri
extension of the bosoni one.
3.2 Free salar supereld and T-duality
Going bak to our trivial example, an abelian algebra with two generators
h1 and h2, we have
V = eΦ (3.22)
with
2
Φ = −iΦ1h1 + Φ2h2 , (3.23)
whih gives a eld strength
G = −iG1h1 + G2h2 =
(
−iDΦ1h1 +DΦ2h2
−iDΦ1h1 +DΦ2h2
)
. (3.24)
The Bianhi identities
DG1 +DG1 = 0
DG2 +DG2 = 0 (3.25)
are trivial as the algebra is abelian and are simply [D,D] = 0 applied to Φ1
and Φ2.
With S exhanging h1 and h2 as above, the selfduality equation is
G1 = G2
−G1 = G2 . (3.26)
2
There is a −i fator in the elds denition in order to simplify formulae below. In
Lorentzian signature, there would not be suh i fators everywhere.
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Thus, the Bianhi identity for G2 beomes the equation of motion of G1:
DG1 −DG1 = 0 , (3.27)
that is
DDΦ1 = 0 , (3.28)
whih desribes the motion of a free massless salar supereld. If we write
in omponents
Φ1 = φ1 + θψ1 + θ¯ψ˜1 + θθ¯F1 , (3.29)
we get the usual equations
∂z∂z¯φ1 = 0 (3.30)
∂z¯ψ1 = 0 (3.31)
∂zψ˜1 = 0 (3.32)
F1 = 0 . (3.33)
To emphasize the physial meaning of selfduality, let us write it in term
of Φi's:
DΦ1 = DΦ2
−DΦ1 = DΦ2 . (3.34)
With see that we an write Φ1 and Φ2 as
Φ1 = Φc + Φac
Φ2 = Φc − Φac (3.35)
in terms of a hiral supereld Φc and an antihiral Φac. It makes apparent
that the duality involved here is simply T-duality of a one-dimensional target-
spae in the worldsheet perspetive. It means that the equations of motion
follow from the existene of T-duality written as in (3.34). With more at
target-spae dimensions, equations of motion are equivalent to the possibility
of T-dualize all dimensions.
3.3 More supersymmetries
Generalization to a larger number of superharges is straightforward. As we
onsider massless salars, the (N, N˜) supersymmetry algebra is[
QI , QI
′
]
= −δII
′
∂z[
Q
J
, Q
J ′
]
= −δJJ
′
∂z¯[
QI , Q
J
]
= 0 . (3.36)
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In superspae, we have odd variables θI and θ¯J , I = 1 . . . N , J = 1 . . . N˜ .
The ovariant derivatives are
DI = ∂θI + θ
I∂z
D
J
= ∂θ¯J + θ¯
J∂z¯ . (3.37)
The eld strength G has N left and N˜ right omponents
GI = DIV V−1
G
J
= D
J
V V−1 (3.38)
with Bianhi identities
D
J
GI +DIG
J
=
[
GI , G
J
]
. (3.39)
The Hodge star ∗ ats for all values of indies as
GI −→ −i GI
G
J
−→ i G
J
, (3.40)
suh that the selfduality equation ∗ SG = G reads
− iSGI = GI
iSG
J
= G
J
. (3.41)
It is essential that the sign is the same for all values of the indies: one
an hange a global sign in S but left and right omponents must take well
dened opposite signs.
Equations of motion are obtained by introduing this selfduality equation
into the Bianhi identities:
−iD
J
SGI + iDISG
J
=
[
GI , G
J
]
. (3.42)
If we trunate a (N, N˜) supereld Φ to its lower omponent φ, all of these
equations of motion give bak the equation of the bosoni selfdual σ-model,
exatly as in setion 3.1.
3.4 (N, 0) supersymmetry
The (N, 0)-superonformal ase is slightly dierent: one has ovariant DI in
the left setor and the usual derivative ∂ in the right one.
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The eld strength G has now N fermioni omponents on the left and one
bosoni omponent on the right:
GI = DIV V−1
Gz¯ = ∂z¯V V
−1
. (3.43)
The Bianhi identities now involve ommutators:
DIGz¯ − ∂z¯G
I =
[
GI , Gz¯
]
. (3.44)
The Hodge star ∗ obviously ats on G as
GI −→ −i GI
Gz¯ −→ i Gz¯ , (3.45)
and the selfduality equation ∗ SG = G reads
SGI = GI
−SGz¯ = Gz¯ , (3.46)
giving the equations of motion
iDISGz¯ + i∂z¯SG
I =
[
GI , Gz¯
]
. (3.47)
If we trunate the G-valued supereld V = eΦ to its lowest omponent
eφ, we get3
GI = DIeφ e−φ = θI∂zφ+
1
2!
[φ, θI∂zφ] +
1
3!
[φ, [φ, θI∂zφ]] + . . . = θ
I G(0)z
Gz¯ = ∂z¯e
φ e−φ = ∂z¯φ+
1
2!
[φ, ∂z¯φ] +
1
3!
[φ, [φ, ∂z¯φ]] + . . . = G
(0)
z¯ (3.48)
and the Bianhi identity an be written as
θI∂zG
(0)
z¯ − θ
I∂z¯G
(0)
z = θ
I
[
G(0)z , G
(0)
z¯
]
, (3.49)
whih is the Bianhi identity of the bosoni σ-model. The Hodge star gives
naturally the usual one on the omplex plane, so that we reover the bosoni
selfdual σ-model with this trunation of the (N, 0) theory. It is easy to see
that all superonformal models dened here ontained those with less super-
symmetry as trunations, as one expets. The only ondition is, trivially, to
keep the same algebra g.
3
Remember G(0) = G
(0)
z dz +G
(0)
z¯ dz¯ is the bosoni eld strength derived from φ.
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4 Selfduality in symmetri spaes
4.1 Symmetri spaes
There is a lass of models whih are of great interest, when V lives in the
symmetri spae G/H. H is a maximal subgroup of G, dened as the set
of xed points of an involution τ ating on G. It indues an involution
on the tangent algebra g, whih we still denote by τ , and whih gives a
deomposition
g = h⊕ h⊥ , (4.1)
where h and h⊥ are sets of respetively invariant and antiinvariant elements
of g under the ation of τ . We have the maximality property
[h, h] ⊂ h[
h, h⊥
]
⊂ h⊥[
h⊥, h⊥
]
⊂ h . (4.2)
A speial ase of physial interest ours when H is the maximal ompat
subgroup of G, with τ the Cartan involution. Note also that any group Lie
G an be seen as the symmetri spae (G× G)/∆G, where ∆G is G ating
diagonally on G×G:
g.(g1, g2) = (gg1, gg2) . (4.3)
In this ase, one reovers prinipal hiral models, here in a superonformal
version.
Although we ould work with an arbitrary number of superharges, we
work now with (1, 1) supersymmetry. Generalization to other ases follows
easily, as we have seen in last setion for a simpler model.
So let V be a supereld with values in G/H, parametrized by superelds
φi. We dene the eld strength G = X + Y as
G = DV V−1 = X + Y
G = DV V−1 = X + Y , (4.4)
where X and X have values in h, Y and Y in h⊥.
Beause of (4.2), Bianhi identities deomposes on h and h⊥ as
DX +DX −
[
X,X
]
=
[
Y, Y
]
DY +DY = 0 , (4.5)
where D and D are ovariant derivatives with respet to H:
DY = DY −
[
X, Y
]
DY = DY −
[
X, Y
]
. (4.6)
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G is invariant under global G transformations ating on the right and
ovariant under loal H on the left:
V(z, z¯, θ, θ¯) −→ Ξ(z, z¯, θ, θ¯)V(z, z¯, θ, θ¯) Λ . (4.7)
Invariane under a global Λ ∈ G is the same as above. Gauge ation under
Ξ(z, z¯, θ, θ¯) ∈ H ats on G as
DV V−1 −→ ΞDV V−1 Ξ−1 +DΞΞ−1 . (4.8)
From (4.2) and Ξ ∈ H we get in terms of X and Y
X −→ ΞX Ξ−1 +DΞΞ−1
Y −→ Ξ Y Ξ−1 . (4.9)
For the right omponents, we get similarly
X −→ ΞX Ξ−1 +DΞΞ−1
Y −→ Ξ Y Ξ−1 . (4.10)
We hek that X =
(
X
X
)
transforms indeed as a gauge eld.
This gauge invariane allow us to parametrized G/H with a xed set
of representatives in G. A ommon hoie for G a simple group and H
its maximal ompat subgroup is the Borel gauge: V is taken in the Borel
subgroup B of G. The Borel subalgebra b is spanned by Cartan elements
and generators assoiated to positive roots. We will use suh a gauge hoie
when we deal with the SL(2)/SO(2) example. Global G transformations
do not always preserve the gauge. In the Borel gauge, only elements of
the Borel subgroup leave the gauge invariant. Other transformations must
be ompensated by H transformations (Iwasawa deomposition ensures it is
always possible), suh that
Ξ(V,Λ)V Λ ∈ B . (4.11)
4.2 Superonformal selfduality
We want now to get equations of motion by imposing a selfduality onstraint.
We need an H-invariant pseudo-involution4 S ating on g:
S = ΞS Ξ−1 (4.12)
4
It has square −1 in the Eulidean setting, but, as before, it would be a real involution
with square identity in the Lorentzian ase: S2∗2 = 1.
13
for any Ξ ∈ H.
It allows us to write a gauge-invariant selfduality equation
∗SY = Y , (4.13)
i.e.
− iSY = Y
iSY = Y . (4.14)
With the seond Bianhi identity of (4.5) applied to the eld SY , we get
the equation of motion
DY −DY = 0 . (4.15)
This model has several symmetries: superonformal symmetry on the
worldsheet, global G and loal H in the target spae M = G/H.
4.3 σ-model ation
Though our aim is to desribe models where the equations of motion ome
from a selfduality onstraint, it is worth remarking that the equation of
motion (4.15) extremizes the superonformal σ-model ation [26, 27℄
S =
1
2
∫
dz2dθ2 Tr (Y ∧ ∗Y) , (4.16)
with the superspae Hodge star ∗ dened above. The trae is omputed
using an h invariant bilinear tensor ηab on g. (In some ases, there are several
inequivalent invariant tensors η.) The wedge produt is dened as follows:
Y ∧ Y ′ = Y Y
′
− Y Y ′ . (4.17)
The equation of motion is indeed
DY −DY = 0 . (4.18)
We have showed here that selfdual sets of elds are speial solutions of
these models. We will prove in setion 5 that all solutions to this equation
of motion an be seen as selfdual ongurations, if one introdues a innite
set of elds.
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4.4 Example: SL(2)/SO(2)
We take G = SL(2), and H its maximal ompat subgroup SO(2), hara-
terized by the Cartan involution
O −→ tO−1 , (4.19)
whih gives on the tangent algebra
τ(M) = −M . (4.20)
We take
U =
(
0 1
−1 0
)
(4.21)
as basis element of h = so(2) and
V 1 =
(
0 1
1 0
)
V 2 =
(
1 0
0 −1
)
(4.22)
as basis of h⊥.
We parametrize SL(2)/SO(2) elements in the Borel gauge of upper tri-
angular matries as
V =
(
eφ Neφ
0 e−φ
)
(4.23)
with real superelds N and φ.
The eld strength is
G = DV V−1 =
(
Dφ e2φDN
0 −Dφ
)
G = DV V−1 =
(
Dφ e2φDN
0 −Dφ
)
. (4.24)
It deomposes on h⊕ h⊥ as
G =
1
2
e2φDN U +
1
2
e2φDN V 1 +DφV 2
G =
1
2
e2φDN U +
1
2
e2φDN V 1 +DφV 2 . (4.25)
A selfduality onstraint an be imposed if we have some operator S ating
on h⊥ with S2 = −1 and whih ommutes with so(2). There is a unique
solution, up to a global minus sign:
SV 1 = −V 2
SV 2 = V 1 . (4.26)
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The selfduality equation ∗SY = Y reads
− iS
(
1
2
e2φDN V 1 +DφV 2
)
=
1
2
e2φDN V 1 +DφV 2
iS
(
1
2
e2φDN V 1 +DφV 2
)
=
1
2
e2φDN V 1 +DφV 2 (4.27)
i.e.
i
2
e2φDN = Dφ
−
i
2
e2φDN = Dφ . (4.28)
This selfduality onstraint is easily solved in terms of hiral and antihiral
superelds f and f˜ :
e−2φ =
1
2
(
f(z, θ) + f˜(z¯, θ¯)
)
N = −
1
2i
(
f(z, θ)− f˜(z¯, θ¯)
)
. (4.29)
The reality of φ and N imposes f˜ = f¯ and nally the selfdual ongurations
are expressed in term of a single hiral supereld f as
eφ =
1√
ℜ(f)
N = −ℑ(f) . (4.30)
As we have seen above, these selfdual ongurations are in partiular solu-
tions to the equations of motion of the σ-model ation (4.16).
5 Loop group symmetry
5.1 Loop group σ-model
We show now how the symmetri spae G/H σ-model an be seen as an
innite-dimensional G˜/H˜ σ-model with a self-duality ontraint, where G˜ is
the loop group extension of G and H˜ a maximal subgroup. By onstrution,
it will be endorsed with global G˜ symmetry and loal H˜ gauge symmetry.
We still work with (1, 1) supersymmetry, but it is straightforward to do it
with a dierent or vanishing number of superharges.
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The loop extension G˜ of G is the innite-dimensional Lie group whih
has tangent Lie algebra
g˜ = R
[
t,
1
t
]
⊗G , (5.1)
the loop algebra extension of g. In pratie, we deal with elements of this
group and this algebra as funtions of the spetral parameter t into respe-
tively G and g.
Let h be a maximal subalgebra of g, dened by an involution τ˜ . τ is
extended on g˜ by5
τ˜ (A(t)) = τ
(
A
(
−
1
t
))
, (5.2)
with A(t) ∈ g˜ [11, 12, 14℄. With an angle parameter α, t = tan
(
α
2
)
, this
involution exhanges α and α + pi:
τ˜(A(α)) = τ(A(α + pi)) . (5.3)
We denote by h˜ the subalgebra of xed points of g˜ by τ˜ . It is not the loop
extension of h˜. The involution is dened in the same way on the group G˜
itself, with the subgroup of xed points H˜.
The omponent of degree zero in a t expansion of G˜ is the original group
G. As τ˜ redues to τ on that omponent, the t = 0 part of H˜ is H. Of ourse,
the same is true for tangent algebras. Note that H˜ is not the loop extension
of H.
We take a eld V˜ in the oset symmetri spae G˜/H˜. Due to the gauge
freedom, we hoose representatives in a "Borel gauge": V˜(t) must be analyti
inside a unit dis around zero [11, 13, 14, 23℄. (Note that the hoie of this
point is arbitrary. It will allow to reover physial quantities as the t = 0 value
of elds.) The existene and uniqueness of suh a gauge is a Riemann-Hilbert
problem: if we have V˜ ∈ G˜, we an deompose V˜ τ˜
(
V˜−1
)
as V˜+ τ˜
(
V˜−1−
)
,
with V˜+ analyti inside the unit dis and V˜− analyti outside. (t lives on the
Riemann sphere.) We are left with gauge freedom at t = 0, that we x as in
the G/H σ-model: we set V˜(0) to be in a given Borel subgroup of G.
The eld strength is
6
G˜ =
(
G˜
G˜
)
=
(
DV˜ V˜−1
DV˜ V˜−1
)
. (5.4)
5
This is for Eulidean signature. For a Lorentzian worldsheet, the minus sign would
not be there.
6D and D derivatives ats on superspae variables z, z¯, θ and θ¯, not on the spetral
parameter t.
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A Bianhi identity follows naturally from the denition:
DG˜+DG˜ =
[
G˜, G˜
]
. (5.5)
If V˜ is in the Borel gauge dened above, G˜ has an expansion
G˜ = X + Y +
∑
n>0
Ant
n
, (5.6)
with
X ∈ h
Y ∈ h⊥
An ∈ g . (5.7)
The deomposition G˜ = X˜ + Y˜ on h˜⊕ h˜⊥ is
X˜ = X +
1
2
∑
n>0
Ant
n +
1
2
∑
n>0
τ(An)
(
−
1
t
)n
Y˜ = Y +
1
2
∑
n>0
Ant
n −
1
2
∑
n>0
τ(An)
(
−
1
t
)n
. (5.8)
5.2 Selfduality onstraint
In order to impose a selfduality onstraint, we dene the operator S in the
following way:
S : A(t) −→ − t τ˜ (A(t)) . (5.9)
It is not hard to hek that S is a pseudo-involution7:
S2 = −1 , (5.10)
suh that the full duality operator ∗S is a real involution:
(∗S)2 = 1 . (5.11)
As in the nite-dimensional ase, we impose the selfduality onstraint
∗SY˜ = Y˜ , (5.12)
where ∗ is here the superspae Hodge star dened in setion 3.1, but in a
purely bosoni ase would be the usual Hodge operator.
7
In a Lorentzian signature, it would square to +1.
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For an element Y˜ of h˜⊥, whih by denition satises
τ˜ (Y˜) = −Y˜ , (5.13)
we have
SY˜(t) = tY˜(t) . (5.14)
The selfduality onstraint (5.12) is thus equivalent to
∗T Y˜ = Y˜ , (5.15)
where T is the operator shifting elements of g˜ by one degree in t:
T : A(t) −→ tA(t) . (5.16)
In omponents of the t-expansion of Y˜ , the selfduality equation gives
A2p = 2(−1)
p Y
A2p+1 = 2(−1)
p ∗Y . (5.17)
If we sum up all omponents, we get for G˜
G˜ = X +
1− t2
1 + t2
Y +
2t
1 + t2
∗Y , (5.18)
whih is well known as the Lax pair equation
8
assoiated to the G/H σ-model
desribed in setion 4.3 [28, 29℄. In term of the angle variable α, it reads
G˜ = X + cos(α)Y + sin(α) ∗Y . (5.19)
In superonformal oordinates, with ovariant derivatives
DV˜ = DV˜ −XV˜
DV˜ = DV˜ −XV˜ , (5.20)
we have
DV˜ V˜−1 =
i+ t
i− t
Y
DV˜ V˜−1 =
i− t
i+ t
Y . (5.21)
It is a linear system whih allows to get V˜ by integration, at least formally.
8
In Lorentzian signature, it would be G˜ = X + 1+t
2
1−t2 Y +
2t
1−t2 ∗Y.
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The Bianhi identity and the equation of motion of the original eld
V = V˜(0) (5.22)
follow from the ompatibility ondition, or Maurer-Cartan equation, of this
linear system. The Bianhi identity of V omes simply from the t = 0 (i.e.
α = 0) part of (5.5). Indeed, the trunation of (5.21) to t = 0 is the dening
equation of Y and Y in term of V, and we nd bak Bianhi identities (4.5).
The equation of motion omes from the Bianhi identity of G˜ at θ = pi
2
(t = 1):
DY −DY = 0 . (5.23)
5.3 Symmetries
By onstrution, this model has global G˜ symmetry and loal H˜ gauge sym-
metry, beause S ommutes with H˜. Indeed, if we at on V˜ with a global
Λ˜ ∈ G˜, we may have to ompensate by an H˜ gauge transformation Ξ˜ to
remain in the Borel gauge:
V˜ −→ Ξ˜ V˜ Λ˜ . (5.24)
Under suh a transformation, Y˜ beomes
Y˜ −→ Ξ˜ Y˜ Ξ˜−1 . (5.25)
The onstraint (5.15), equivalent to the selfduality onstraint (5.12), is in-
variant provided
Ξ˜ T Ξ˜−1 = T , (5.26)
whih is indeed veried. Under the ompensating H˜ gauge transformation,
X˜ varies as a gauge eld:
X˜ −→ Ξ˜ X˜ Ξ˜−1 +DΞ˜ Ξ˜−1
X˜ −→ Ξ˜ X˜ Ξ˜−1 +DΞ˜ Ξ˜−1 . (5.27)
One reovers transformation of physial eld strength X and Y by taking
the t = 0 omponent of transfomration laws of X˜ and Y˜ .
G˜ transformations g tn with n > 0 have no eet on the physial eld
V: they do not require gauge ompensation and modify only integration
onstants of higher levels of V˜ [14℄. For n = 0, we reover the usual symmetry
of the G/H σ-model. For n < 0, physial elds are modied by gauge
ompensation Ξ˜. In fat, these non-loal additional symmetries an be used
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to generate new (lassial) solutions of the model [32, 33, 34℄. The fat that
some of the transformations are hidden whereas others are visible through
the gauge ompensation is due to the xing of the gauge that we use to
extrat physial elds. If we restore gauge freedom, we annot get rid of the
full group of symmetry G˜. It should be noted that, if the rigid symmetry
group is the same as in the bosoni ase, in supersymmetri models the gauge
symmetry is enlarged: gauge transformations depend on both bosoni and
fermioni oordinates.
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